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There are many factors influencing the didactical choices made by university mathematics lecturers 
in course design. We focus on one of these: the inherent structure of the mathematical domain to be 
taught. Adopting an institutional perspective, the Anthropological Theory of the Didactic, we 
conduct an epistemological analysis of two courses aimed at second and third year mathematics 
students, Basic Topology (BT) and Differential Geometry (DG), showing how their different 
epistemological characters affect these didactical choices. We argue that the main differences stem 
from their aims and objects of study: where BT aims to develop the theory of topological spaces, 
and providing a categorization of them, DG aims at producing tools for analyzing geometrical 
properties of surfaces. In other words, where BT is theory-driven, DG is praxis-driven. We show 
how this and other differences relate to the course design, and argue this as a case of domain 
influencing pedagogy. 
Keywords: University mathematics, course design, epistemological analysis, mathematical and 
didactic praxeologies, didactic co-determination. 
What influences university mathematics teachers’ didactical choices? 
University mathematics education (UME) research is increasingly engaged with questions 
concerning teaching, and university mathematics teachers’ (UMTs) teaching practices, as seen, for 
instance, in the growing amount of research investigating factors influencing UMTs’ didactical 
choices when planning and preparing courses or individual lectures. Some of these factors are 
individual, depending upon the UMT’s own educational background, research practice, and beliefs 
about mathematics and students (e.g. Hernandes-Gomes & González-Martín, 2016; Tabchi, 2018). 
Some concern more general pedagogical issues, such as the specialisms of different student groups 
(Bingolbali & Ozmantar, 2009), available textbooks and other educational resources (Mesa & 
Griffiths, 2012), or the choice to adhere to particular instructional design principles (Andrade-
Aréchiga, López & López-Morteo, 2012). Others again are institutional, such as imposed reform 
initiatives (Stieha, Shadle & Paterson, 2016) or the dominant epistemology of the institution 
(Barquero, Bosch & Gascon, 2013). Here, however, we will consider a different factor that we 
believe deserves further study: the inherent structure of the particular mathematical domain covered 
by the course. This paper grew out of conversations between the first author, a UME researcher, and 
the second author, a research mathematician at a large Swedish university. His research is in 
topology and geometry and he has been teaching university mathematics for twenty years, at all 
levels from beginning undergraduate to doctoral courses. While planning and conducting two 
different courses, Basic Topology (BT) and Differential Geometry (DG), both aimed at second or 
third year mathematics majors, he was struck by the extent to which the character of the two topics 
influenced the way he chose to design and teach the courses. To study the particularities of this 
  
 
influence, we adopt an institutional perspective, the Anthropological Theory of the Didactic (ATD) 
(e.g. Bosch, 2015). In what follows, we will present an epistemological analysis of the topics, aimed 
at describing how their different epistemological characters affected the didactical choices made 
during course design. First, however, we introduce the aspects of the ATD pertinent to the analyses 
in this paper. 
A praxeological perspective on mathematics teaching 
ATD “offers a general epistemological model of mathematical knowledge where mathematics is 
seen as a human activity of study of types of problems” (Barbé, Bosch, Espinoza & Gascon, 2005, 
p. 236). This activity consists of, on the one hand, the practical block (or praxis) of tasks to be 
solved and techniques for solving them and, on the other hand, the knowledge block (or logos) 
providing “the mathematical discourse necessary to justify and interpret the practical block” (ibid, 
p. 237). This block consists of technologies referring directly to the techniques used and theory 
justifying the technology and organizing the discourse. An example of a task could be finding the 
instantaneous rate of change of a certain function at a given point. This task can be solved using 
different techniques, for instance, calculating the slope of the tangent line to the function at the 
point. This technique can be justified, for instance, using the definition of the derivative using 
difference quotients, a technology in turn part of a theory of differential calculus. Together the 
tasks, techniques, technologies and theories form mathematical praxeological organisations (MO’s) 
or simply praxeologies. In fact, ATD “considers that the notion of praxeological organisation can be 
applied to any form of human activity, and not only to mathematics” (ibid, p. 239). Hence, the 
practice of teaching (and learning, for that matter) can be described using didactic praxeological 
organisations (DO’s). The teacher’s didactic praxeology is used to help students engage with a 
particular MO. As any praxeology, it consists of a practical block composed of types of didactic 
tasks and didactic techniques, and a knowledge block formed by “a didactic technological–
theoretical environment” (ibid, p. 239). Praxeologies develop within institutions. Indeed, it is a 
basic tenet of ATD that “human practices and human knowledge are entities arising in institutional 
settings. (…) As institutions are made of people, institutional praxeologies evolve because of the 
changes introduced by their subjects” (Bosch, 2015, p. 52). Such evolution is subject to conditions 
that enable or facilitate the development of a certain praxeology in a given institutional 
environment, and constraints hindering or impeding its development. “The notions of condition and 
constraint are relative to the position assumed by a person in a given institution. A condition 
becomes a constraint when it cannot be modified by the person in this position, at least not in the 
short run.” (Barquero, Bosch & Gascón, 2013, p. 313) These conditions and constraints occur at 
different levels of didactic co-determination (ibid, p. 314): 
Civilisation↔Society↔School↔Pedagogy↔Discipline↔Domain↔Sector↔Theme↔Question 
The levels from Discipline to Question concern the particularities of the specific discipline and the 
way it is structured, while the levels from Pedagogy to Civilisation concern how societies organise 
the study of disciplines (ibid.). Barbé et al (2005) use the case of the teaching of limits of functions 
in Spanish high schools to show how teachers’ practices are conditioned by various restrictions, 
both mathematical and didactical. At the university level, Bosch, Gascón and Nicolas (2016) use the 
  
 
case of the teaching of Group Theory “to illustrate two different ways of questioning the 
mathematical content to be taught: a first one based leaving the global structuring of the content 
untouched; and a second one requiring a complete deconstruction and reconstruction of the 
knowledge to be taught” (ibid, p. 256). In light of the above, we aim to investigate possible 
relationships between the Mathematical Organisations and the development of the Didactic 
Organisations in the courses Basic Topology and Differential Geometry. Before presenting an 
epistemological analysis of the two domains, we will briefly describe the context in which the study 
took place. 
Epistemological analysis and didactical considerations 
Both the BT and the DG courses are included in a mathematics program, typically attracting about 
30 students each year. Additionally, the courses also attract some students from other programs, for 
instance, engineering and physics. Prerequisites for both courses include Introductory Algebra, 
Calculus in one and several variables, and Linear Algebra. When planning the courses, the second 
author worked with already determined syllabi, although he had control over the choice of textbook 
(Munkres (2000) for BT, and Do Carmo (2016) for DG). At the department where he works, the 
more advanced courses are usually taught in a Definition-Theorem-Proof (DTP) format (Weber, 
2004), and although this is not enforced, there are few institutional incentives for radical changes in 
the teaching format. Hence, the courses discussed here were also taught in this format. The analysis 
that follows developed through conversations between the authors, and hence reflects the way the 
second author thinks about and chose to teach the courses. Still, this largely corresponds with how 
the courses are typically taught, as suggested for instance by the fact that already established syllabi 
were used.  
The main object of study in BT is the class of topological spaces and continuous maps. The course 
introduces the notions of point-set topology, for instance, compactness, connectedness, and 
separation properties, in a systematic axiomatic fashion. The main object of study in DG, on the 
other hand, is the (mostly local) geometry of (curves and) surfaces. It starts with the geometry of 
surfaces in 3-space and proceeds via the fundamental forms and Gauss' Theorema Egregium (Gauss 
curvature is preserved under isometric transformations) to the notion of abstract surface geometry 
with examples such as the flat torus and the hyperbolic plane, which have no isometric embeddings 
into 3-space. The aim of BT is to structure the class of topological spaces, which is vast and mostly 
unknown to the students beforehand, into tractable subcategories introducing a comprehensive (and 
traditional) set of definitions. In contrast, DG concerns itself largely with the production of tools for 
the analysis of geometric properties of the intuitively relatively accessible collection of all surfaces, 
building on the students’ knowledge of curves and surfaces (in 3-space) from previous courses in 
the calculus of several variables. DG thus works its way from a concrete setting towards the 
beginning of a more abstract theory, while BT may be said to go in the other direction. Definitions 
serve largely different purposes in the two courses. In BT, their main purpose is to establish a 
vocabulary for the class of topological spaces, which allows for effectively breaking it down into 
more tractable subclasses. Compactness, separation properties, connectedness and countability 
properties are all definitions of this type. Few interesting things can be said about all topological 
spaces. The notions above allow for the study of subclasses (e.g. locally compact Hausdorff spaces) 
  
 
about which interesting theorems can be proved. In DG, on the other hand, definitions establish the 
tools to make precise distinctions in a setting where the object of study is well known. The first and 
second fundamental forms, various curvatures and the Gauss map are all examples of this; with 
their help, it becomes possible to analyse the geometric properties of the surface quantitatively. The 
particularities of definitions in the BT course have consequences for the use of examples as well. 
The first role of examples in BT is to show how the few topological spaces that the student has 
already encountered in earlier courses fit into the general framework that the course provides. For 
instance,    is an example of a Hausdorff space. The second role is to expand the known collection 
of topological spaces, and in particular, to show that new definitions are not empty. For instance, 
   equipped with the Zariski topology is an example of a   -space which is not Hausdorff. It is 
unlikely that the student has heard of the Zariski topology before. Moreover, in the context of the 
BT course its relevance in other mathematical domains (e.g. algebraic geometry) cannot be properly 
discussed. Instead, its presence in the course serves to motivate the definition. In this context, the 
role of the concept is primary and the example secondary. In fact, one might say that the topic of the 
BT course is as much the established ways of rendering the category of topological spaces 
understandable, as it is the topological spaces themselves. On the contrary, in the DG course the 
role of the examples is mainly to illustrate the different mathematical techniques involved. Hence, 
examples mostly consist of concrete calculations, much as in earlier calculus courses (e.g. explicitly 
computing geodesics on a surface of revolution by solving the appropriate differential equation). 
With a slight exaggeration, one might say that in DG the examples precede the definitions, which 
are there for the sake of understanding the examples, whereas in BT the definitions precede the 
examples, which serve the purpose of understanding the definitions. The aim of the BT course, that 
is, structuring the class of topological spaces and developing a vocabulary for this purpose, has 
implications also for the type of theorems the course contains. In a sense, most of the theorems are 
of a technical nature; clarifying the definitions and the properties of the spaces that satisfy them. At 
least in the beginning of the course they are very elementary, and could easily be given as exercises 
to students, even at this level. Indeed, we are aware of at least one textbook where the theory is 
developed with most proofs given as exercises for the reader (Viro, Ivanov, Netsvetaev & 
Kharlamov, 2008). Most of the course is introductory and the theorems proved are thus reasonably 
easy for the students to follow, with a few exceptions, which (unsurprisingly) occur in the more 
structured areas, notably in the part concerning metric spaces. The DG course, on the other hand, 
with its aim of analyzing the geometric properties of surfaces, contains more complex theorems 
requiring more advanced proof techniques from analysis (relying on relatively advanced theorems, 
e.g. the implicit function theorem). Where the BT course has mostly technical theorems, The DG 
course has at least two central, historically and philosophically significant theorems which can 
provide structure for the course to be built around – the Theorema Egregium and the Gauss-Bonnet 
Theorem (which connects the curvature of a compact surface with its Euler characteristic). The 
above differences have direct consequences for the way the material is presented to the students. BT 
is presented in a strictly axiomatic fashion. The whole course unfolds deductively from the 
definition of topological space. This is a consequence of the extreme generality of this notion and 
the fact that very few examples are known beforehand. The course requires no prerequisites apart 
from basic set theory, although a certain degree of mathematical maturity is necessary, due to the 
  
 
degree of abstraction involved. Proofs consist of set theoretical arguments to show that a certain 
class of spaces or maps has certain properties, while examples consist of the same, but for specific 
spaces or maps. As mentioned above, the vocabulary is as much an object of study as the particular 
examples of spaces the course includes. In fact, one reason for developing this vast general theory 
without much prior knowledge of the objects it describes is that this vocabulary in itself is so useful, 
that once mastered (even if only through toy examples of little independent value) it is applicable as 
soon as the student happens upon a topological space in their later studies.  
DG, in contrast, admits a looser structure, since it is possible to rely on students' previous 
knowledge and intuition in the presentation of the material and since the course is about closer 
analysis of a known class of objects. Indeed, it has clear prerequisites of Calculus of several 
variables and Linear Algebra, which are both necessary and sufficient. This implies that the rich 
collection of tools of infinitesimal calculus and linear algebra are available for use. Hence, the 
arguments used in proofs have a very different flavour from those in BT, more akin to standard 
basic calculus. In DG, definitions are typically motivated by conceptual arguments, relying to a 
large extent on the student's preconceptions and intuitions. The conceptual meaning of the central 
definitions can usually be (and often is) explained even without concrete examples, relying on the 
students' grasp of earlier courses. For instance, the relevance of the geodesic concept can be argued 
by the wish to generalize the meaning of `straight line' (or motion with zero resultant force). 
Similarly, just by sketching some pictures the ideas behind principal curvatures or the Gauss map 
can be conveyed. In contrast, the explanation of definitions in BT cannot rely very much on pre-
established intuition, since there are very few examples that the students are familiar with 
beforehand. Instead, the definitions in BT are presented as a fixed vocabulary to be digested and 
understood. The point of many of the definitions is seen only in hindsight, when they prove 
themselves useful in proving theorems. For example, few students immediately understand the 
definition of first countability of spaces. The relevance becomes clearer when the connection with 
sequences in the space is explored in more detail. In praxeological terms, the MO underlying the 
DG course takes its starting point in the praxis, in tasks aimed at understanding the behaviour of 
surfaces, as objects already familiar to the students, and in techniques used to carry out these tasks. 
The course develops technology justifying the techniques but the idea of a general theory of abstract 
Riemannian manifolds is presented only toward the end of the course and is not extensively 
developed. From a didactical perspective, the fact that students are already familiar with the objects 
and techniques of the course enables the lecturer to build on this familiarity when presenting 
arguments and explanations. The MO underlying BT, on the other hand, is structured much more 
around the logos. A theory of topological spaces, with an elaborate set of technologies, is developed 
around one main task, namely, classifying topological spaces, and using techniques mostly taken 
from set theory. In a sense, the BT course is all about logos. The tasks of the taught MO are to a 
large extent “toy examples”, developed in order to support the learning of the theory, rather than 
being of interest in their own right. Indeed, the BT course is largely about developing technologies 
that can then be applied elsewhere, to justify techniques for dealing with topological spaces in other 
settings. In conclusion, we suggest characterizing the DG course as praxis-driven, whereas the BT 
course is logos-driven. 
  
 
Conclusions and discussion 
In this paper, we have analyzed the epistemological characteristics of two university courses aimed 
at second and third year mathematics students: Basic Topology and Differential Geometry. We have 
shown how the different theoretical starting points of the courses, with BT being logos-driven and 
DG praxis-driven, had consequences for the design of the courses. Here, however, a caveat is 
needed. We are aware that the MO’s that we have described above to some extent are mixtures of 
the scholarly MO’s underlying the courses and the transposed MO’s actually taught in the 
classroom. However, preserving a strict separation is difficult, and we believe that the mixture does 
not significantly alter the gist of our argument. In fact, the difficulty of adequately separating the 
two might go some way towards explaining the observation made by Florensa, Bosch, Cuadros and 
Gascón (2018), that when university lecturers reflect upon their own practice, content-related 
didactic considerations often seem to be lacking. We see this paper as a small step towards such 
content-related didactic reflection. In terms of didactic co-determination, we have presented an 
example of how the domain, and thus the discipline, influences pedagogy. If content of the type 
included in the BT course is to be presented to students, this poses constraints on the type of 
pedagogy available. It makes it more difficult, for instance, to make use of students’ previous 
experience and knowledge, and to provide motivation through showing applications of the theory. 
On the other hand, the mostly self-contained nature of the material, its axiomatic structure, and the 
relative accessibility of the proof techniques employed, makes a course such as BT suitable for a 
form of teaching that inducts students into the practices of formal proof. Through use of the DTP 
format, the lecturer can model this part of mathematical practice (see for instance Viirman, 2014) 
and can provide students with tasks that lets them engage in such practice in a manageable setting. 
A course such as DG is less suitable for this, since the proof techniques required are much more 
complex. However, the way it takes its starting point in relatively accessible, practical problems 
invites an inquiry-oriented approach, where these problems serve as starting points for the handling 
of content. This approach appears to be less suitable for the BT course, although one might 
conceive of a course taking as its starting point the overall question of how to categorize topological 
spaces. Still, even from this starting point, the course would probably enfold in much the same 
manner as the course discussed in the present paper. Moreover, we wish to emphasize that the 
differences in the MO’s underlying the two courses should not be seen as mainly influencing the 
temporal organisation of the material. One could imagine another instance of DG, consistent with 
the course syllabus but maybe not didactically ideal for the intended students, where the starting 
point is an abstract definition of Riemannian surface and the extrinsic geometry of surfaces in 3-
space would appear as embedding theory. However, the course would still be praxis-driven, focused 
mainly on developing the technology for justifying techniques used for solving geometrical 
problems. Similarly, BT could be set in the opposite order, starting with several examples of 
topological and metric spaces arising in natural contexts, and only then introducing suitable notions 
to understand their similarities and differences. This would be an interesting but likely somewhat 
ineffective way of teaching the same material, consistent with the course syllabus. Still, the course 
would be logos-driven in that the main purpose of the examples would be the development of the 
theory. In other words, the temporal order of definitions and examples could be inverted, but this 
does not alter their different epistemological status in the courses. 
  
 
The analysis we have presented here should be seen only as a first step. For instance, one might ask 
whether other mathematics courses taught at university fit within the two patterns described here. 
One example of a type of course that does not seem to do so is the Calculus of Variations course at 
the second author’s department. Roughly speaking, it consists of showing how a single central 
technique (the variational principle) can be applied in a large variety of settings in different areas of 
mathematics and the applied sciences. At first glance, it would seem as if the logos block would 
play a very different role in such a course compared to the ones under scrutiny in this paper, and it 
might be enlightening to examine this case further. Moreover, a more detailed analysis of the 
interplay between the DO and the scholarly and taught MO in a particular course would require data 
analysis that we did not engage with in the writing of this paper. This could involve, for instance, an 
examination of the role of textbooks and other didactic resources on the development of the DO as 
well as analysis of tasks given to students and of the potentially constraining role played by 
established assessment practices. Moreover, a deeper understanding of the DO would require 
empirical data on the teacher’s and students’ practices. The work presented in this paper is not 
intended as the type of more radical rethinking of the organization of content suggested, for 
instance, by Bosch, Gascón and Nicolas (2016). We have done some thinking on alternative ways 
of course design, cutting “against the grain”, so to speak, of the established structuring practices 
according to mathematical domain. One might consider, for instance, a course on “classification”, 
looking at various ways of structuring classes of mathematical objects in different domains. 
However, any such radical rethinking would risk encountering major difficulties because of 
institutional constraints, particularly in early courses taken by students from many different 
programs, and would thus, at least at first, probably only be possible in relatively high-level courses 
aimed at future research mathematicians. Still, just thinking about such alternative ways of 
organizing content may aid in the content-related didactical reflection requested by Florensa et al 
(2018), by forcing us to question established ways of structuring content, and how this structuring 
might influence the ways in which we can teach. 
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